Abstract. We construct an Ahlfors-Bers model for the Teichmüller space of the universal hyperbolic lamination (also known as Sullivan's Teichmüller space) and the renormalized Weil-Petersson metric on it as an extension of the usual one. In this setting, we prove that Sullivan's Teichmüller space is Kähler isometric biholomophic to the space of continuous functions from the profinte completion of the fundamental group of a compact Riemann surface of genus greater than or equal to two to the Teichmüller space of this surface; i.e. We find natural Kähler coordinates for the Sullivan's Teichmüller space. This is the main result. As a corollary we show the expected fact that the Nag-Verjovsky embedding is transversal to the Sullivan's Teichmüller space contained in the universal one. Finally, we heuristically comment about some progress in the Hong-Rajeev non-perturbative bosonic string theory action.
Introduction
In his celebrated paper, which connects the universalities of Milnor-Thurston, Feigenbaum with the Ahlfors-Bers theory [Su] , Dennis Sullivan introduces in Exampe 4, Sect 1 a lamination (or solenoidal surface) by Riemann surfaces as the inverse limit of the tower of finite covers of a surface Σ 2 of genus two. This is in the spirit of Grothendieck's algebraic universal covering, and it is called the Universal Hyperbolic Lamination. This lamination Σ ∞ is a principal fiber bundle p : Σ ∞ → Σ 2 with fiber the groupĜ which is profinite completion of the fundamental group G of Σ 2 . This is a topological nonabelian group which is homeomorphic to the Cantor set. Since every surface of genus greater or equal to 2 covers Σ 2 , the groupĜ is also the profinite completion of the fundamental group of any surface of genus g ≥ 2.
In the same paper, Sect 2, Sullivan defined the Teichmüller space of this 2-dimensional lamination as follows:
"A complex structure on a lamination L is a maximal covering of L by lamination charts (disk)×(transversal) so that overlap homeomorphisms are complex analytic in the disk direction. Two complex structures are Teichmüller equivalent if they are related by a homeomorphism which is homotopic to the identity through leaf preserving continuous mappings of L. The set of classes is called the Teichmüller set T (L)." Given a complex structure J on Σ 2 , using the projection p : Σ ∞ → Σ 2 we can pull-back the complex structure to the leaves of the lamination to give a complex structure p * (J) to Σ ∞ . One has a canonical inclusion of the Teichmüller of Σ 2 into the Teichmüller of Σ ∞ .
In section 4.1 we give an equivalent definition to the Teichmüller space, and in section 4.2 we give an Ahlfors-Bers complex analytic model for this space based on the notion limit-automorphic Beltrami differentials defined in the same section. In section 5 we show that, in contrast to the universal Teichmüller space, the Sullivan's version admits a well defined Weil-Petersson metric extension: the Renormalized Weil-Petersson metric. As in the classical finite dimensional case, this is a Kähler metric. However, this metric is not induced by the natural embedding T (Σ ∞ ) ֒→ T (1). Nevertheless, the transversality respect to the Nag-Verjovsky embedding [NV] still holds:
Dif f
This is proved in Theorem 5.2. This result was expected considering the identity in Proposition 5.7:
T (Σ G ′ ) (closure of the direct limit) Now, with these tools at hand, we prove the Theorem A:
Theorem A. Consider a genus g ≥ 2 compact Riemann surface Σ g and its univeral hyperbolic lamination Σ ∞ fibering over the surface. Respect to the renormalized Weil-Petersson metric, there is a Kähler isometric biholomorphism between the Sullivan's Teichmüller space and the space of continuous functions from the profinite completion π 1 (Σ g ) of the fundamental group to the Teichmüller space of the surface:
where Σ ∞ is the universal hyperbolic lamination and T (Σ ∞ ) is Sullivan's Teichmüller space. Moreover, the biholomorphism is functorial respect to the inverse limit maps of the pro-finite completion. The Kähler structure in the space C π 1 (Σ g ), T (Σ g ) is induced by the Kähler structure given by the Weil-Petersson metric in T (Σ ∞ ).
We can think of this result as finite-dimensional valued Kähler coordinates on Sullivan's Teichmüller space. Because of the functoriality respect to the inverse limit maps, we have Theorem B:
Theorem B. There is a discrete fiber holomorphic Kähler isometric branched covering (in the orbifold sense):
Moreover, this covering factors through the alternate product Alt n (M g ).
Note that this result is not in contradiction with the rigidity result in [AS] 1 . The simplest case is 2 :
M 2 × M 2 ։ M 3 1 Consider a holomorphic map between moduli spaces:
If g ′ ≤ 2g − 2 and g ≥ 6, then φ is either constant or a forgetful map. In the later case, g ′ = g and k ′ ≤ k.
2 Is there any explicit way of describing a genus three Riemann surface by two genus two surfaces? Do not think about nodal curves, we are not in the Deligne-Mumford boundary.
In section 8 we define the space of Siegel functions as a substitute of the Segal disk for the Sullivan's Teichmüller space.
Finally, in section 9 we comment on some heuristics related to the Hong-Rajeev action for non-perturbative bosonic String Theory [HR] . This section is non mathematical. Here, instead of the Kähler coordinates interpretation, we interpret our Theorem A as finite dimensional Teichmüller valued fields over the ultrametric space π 1 (Σ 2 ). In this sense, integrating over a fundamental domain M ∞ of the Teichmüller space T (Σ ∞ ) respect to the virtual automorphism group V aut(G) [Od] , we express the Hong-Rajeev action as a Feynman path integral. The integrand of the action is justified by the functoriality of the determinant line bundle respect to the direct system of inclusions of finite dimensional Teichmüller spaces [BNS] .
Complex analytic Teichmüller theory in a nutshell
Consider a Riemann surface Σ. How we deform its complex structure? Consider the Poincaré-Koebe uniformization ∆ → Σ and the representation of G := π 1 (Σ) as a Fuchsian group:
Definition 2.1.
• An L ∞ section of the line bundle µ ∈ ω ⊗ ω * where ω is the canonical line bundle of ∆ will be just called a differential ; i.e. It is a (−1, 1) form and its local expression is µ = h ⊗ dz ⊗ ∂ z where h ∈ L ∞ (∆).
• A differential µ is a G-automorphic differential if it is a differential and:
The space of G-automorphic differentials will be denoted by L ∞ (G).
• A differential µ is a Beltrami differential if it is a differential and ||µ|| ∞ < 1.
These differentials are the deformation parameters.
Remark 2.1. The pullback of a differential in Σ by the uniformization map is a G-automorphic differential in the Poincaré disk.
How a Beltrami differential, the deformation parameter, actually realizes a deformation? A Beltrami differential can be seen as an ∞-measurable field of homothetic classes of ellipses: The relation between the major and minor axis is K = (1 + |µ|)/(1 − |µ|) and the major axis is rotated by arg(µ)/2.
Consider a Beltrami differential on the complex plane such that z −1 * µ = µ; i.e. It is symmetric respect to the unit circle. Consider the Ahlfors-Bers equation:
Is there any solution to this equation on the disk ∆? Geometrically, Is there a map f on the disk straightening all the infinitesimal ellipses into infinitesimal circles?
The following is the Ahlfors-Bers existence Theorem adapted to our situation [IT] :
Theorem 2.1. Consider a Beltrami differential on the complex plane such that z −1 * µ = µ. There are quasiconformal homeomorphisms solutions to the AhlforsBers equation ∂zf = µ ∂ z f . Moreover, these solutions uniquely extends to a quasisymmetric homeomorphism on the boundary and there is a unique solution f µ fixing 1, i and −1. 
where G µ is the group of conjugated elements f γf −1 such that γ ∈ G. The group G µ is also Fuchsian hence Σ µ is a Riemann surface. The surface Σ µ will be called the µ-deformed Riemann surface.
Are we really deforming? Is there any redundancy in the parameters? We say that the pairs (Σ µ , [f µ ]) and (Σ ν , [f ν ]) are equivalent if there is a biholomorphism h such that the following diagram commutes up to homotopy:
The equivalence classes constitutes the Teichmüller space T (Σ) of compact Riemann surfaces of genus g ≥ 2. This is a fine moduli space and the universal family will be called the Teichmüller universal curve. The coarse moduli space M(Σ) of compact Riemann surfaces is the quotient by the Mapping Class Group:
are equivalent if and only if the quasisymmetric homeomorphisms on the boundary f µ | ∂∆ and f ν | ∂∆ are equal.
The above condition defines an equivalence relation ∼ in the space of G-automorphic Beltrami differentials L ∞ (G) 1 . We have the following Ahlfors-Bers complex analytic model for the Teichmüller space:
The tangent space at a point [µ] is L ∞ (G) quotiented by the induced equivalence relation. Define the complex analytic structure as follows:
µ is a tangent vector at a point [µ] . The following deep Theorem characterize the complex analytic structure of the Teichmüller space:
The unit ball of Beltrami differentials L ∞ (∆) 1 has a group structure such that f µ * ν
where the inverse ν −1 is respect to this product. Explicitly:
This product projects to T The Weil-Petersson metric on T (Σ) is defined at the origin (Σ, id) by the following expression on representatives:
(1 − zζ) 4 such that F is a fundamental domain of the action by G and µ and ν are tangent vectors at the origin; i.e. elements of L ∞ (G). Translating this metric by the right translations R [µ] we have a Kähler metric on the Teichmüller space respect to the complex analytic structure defined before [TT] .
By the Ahlfors-Beurling extension Theorem, every quasisymmetric homeomorphism on the circle extends to a quasiconformal homeomorphism on the disk. Then:
where T (1) is the universal Teichmüller space. It is universal in the sense that it contains all the finite dimensional Teichmüller spaces:
Because every diffeomorphism of the circle is quasisymmetric, we have the NagVerjovsky embedding of the coadjoint orbit Dif f + (S 1 )/P SL(2, R) into the universal Teichmüller space:
In [NV] it is proved that this map is a Kähler isometric complex analytic embedding respect to the natural Kähler structure of the coadjoint orbit and the Kähler structure of T (1) with the Weil-Petersson metric
3
. It defines a holomorphic foliation of T (1) by Dif f + (S 1 )/P SL(2, R) leaves. This is another way to characterize the complex analytic structure of T (1).
The Nag-Verjovsky embedding is transversal to every finite dimensional Teichmüller space:
This is an infinitesimal form of Mostow rigidity.
Laminated uniformization
Consider a Riemann surface Σ
4
. By Poincaré-Koebe uniformization we have a faithful representation of the fundamental group π 1 (Σ) as a Fuchsian group
where ∆ is the hyperbolic disk and Isom + (∆) is the group of positively oriented hyperbolic isometries. We will denote by G the image of the fundamental group by α; i.e. G := α(π 1 (Σ)). We recover the Riemann surface Σ as the quotient of the disk ∆ by the G-action:
Σ ≃ ∆/G Consider a finite unramified holomorphic connected covering Σ ′ of the Riemann surface Σ with finite fiber F n = {1, 2 . . . n}:
3 The Weil-Petersson metric on T (1) is defined only for tangent vectors whose associated vector fields on the circle are C 3/2+ε
4 The following construction works over any cocompact finitely generated Fuchsian group as well. 5 Because Σ is a compact surface, the Fuchsian group consists of hyperbolic transformations only.
(1)
Denote by ρ the monodromy representation of the fundamental group π 1 (Σ) respect to the covering p :
where Sym op n is the opposite group of the symmetric group of permutations of the set F n . Because the covering Σ ′ is connected, the representation ρ is transitive. Conversely, given a transitive representation (2) we recover the covering (1) as follows: Consider the tensor product representation of the representations ρ −1 and α as before
The trivial bundle p 2 : F n × ∆ → ∆ is equivariant respect to the action by the fundamental group; i.e. For every element g ∈ π 1 (Σ) the following diagram commutes:
Since the representation α is proper, free and discontinuous so is the representation ρ −1 ⊗ α hence the quotient of the trivial bundle by the equivariant action is a finite unramified holomorphic covering (1) such that
is a Riemann surface and p is defined such that
The monodromy of the covering is the original representation ρ and because it is transitive the covering is connected. Because the above constructions were functorial, we have proved the following Theorem:
Theorem 3.1. Consider a Riemann surface Σ. Then, the category of finite (unramified) holomorphic connected coverings of the Riemann surface Σ is equivalent to the category of finite irreducible representations F n = {1, 2 . . . n} of the fundamental group π 1 (Σ).
Consider the covering p : Σ ′ → Σ as before and the Fuchsian group G ′ of the Riemann surface Σ ′ ; i.e. a discrete subgroup of Isom + (∆) such that:
This is well defined because the covering is unramified. The action on the fiber Fn is a right action. 7 We take the monodromy inverse because we look for the following equivalence relation (Recall that ρ is a right action):
8 Because the Fuchsian groups are isomorphic, we make an abuse of notation and denote them by the same letter G.
Coverings of Σ Subgroups of π
Trivial subgroup {e} Finite Finite index Number of sheets Subgroup index Regular Normal Table 1 . Dictionary between coverings and subgroups.
The group G ′ is a finite index subgroup of G and as a set, the fiber F n is in natural one to one correspondence with the coset set G ′ \G. In particular the index of the subgroup equals the number of sheets of the covering. If the subgroup G ′ is normal, then the fiber is actually a group and the monodromy (2) is the canonical G group left action on G ′ \G. Conversely, every finite index normal subgroup G ′ of G defines the monodromy (2) as the canonical left group action of G in the quotient G ′ \G where the fiber F n is identified with this quotient as a set.
Corollary 3.2. Consider a Riemann surface Σ. Then, the category of finite (unramified) holomorphic connected regular 9 ) coverings of the Riemann surface Σ is equivalent to the category of finite index normal subgroups of the fundamental group π 1 (Σ).
The equivalence functor is the following: Given a finite index subgroup G ′ of G, the corresponding Riemann is surface is:
where the action of G is the diagonal action: Table 1 shows a dictionary between coverings and groups and we suggest the classical reference [ST] for the proofs. The categories of the previous Theorems are actually inverse systems. The inverse limit of irreducible finite index normal subgroups of G is its profinite completion groupĜ
The collection of finite index subgroups of G is a neighborhood system of the identity and by translation it defines a topology on G whose completion is the groupĜ just defined. As a topological space, the groupĜ is a compact, perfect and totally disconnected Hausdorff space; i.e. a Cantor set. Because the Fuchsian group G is residually finite, the completion is a group extension and we have a dense inmersion:
We say a covering is regular if given a closed path in the base space all of its preimages are
either closed or open paths. 10 Because the subsystem of normal finite index subgroups is cofinal in the system of finite index subgroups, this definition coincides with the usual one. This definition underlines the fact that the inverse limitĜ is a group and the inverse limit morphismsĜ → G ′ \G are actually group morphisms.
Consider the cofinal inverse system (A n ) n∈N such that A n is the intersection of all subgroups of index n or less in G. Because the group G is finitely generated, there must be a finite amount of subgroups of a given index hence the normal subgroups A n are of finite index as well. Define the following valuation val : G → N ∪ {∞} such that:
if g is not the neutral element e and val(e) := ∞. Define the translation invariant metric d on the group G such that:
This metric is a non-archimedean metric 11 whose induced topology is the one just defined and whose completion is isomorphic to the previuos profinite completion G.
The inverse limit of the category of unramified holomorphic connected coverings of the Riemann surface Σ is the universal hyperbolic lamination Σ ∞ [Su] . The functoriality of the previous construction and the fact that the regular coverings system is cofinal yields the following identity:
where the action onĜ×∆ by the Fuchsian group G is the diagonal action as before. Identity (9) will be called the laminated uniformization 12 of the universal hyperbolic lamination Σ ∞ and the spaceĜ × ∆ will be called the laminated Poincaré disk.
Consider the embedding ι : ∆ ֒→Ĝ × ∆ such that ι(z) = (e, z) where e is the neutral element of the groupĜ. The inmersion:
will be called the baseleaf of the lamination Σ ∞ . Because the morphism (6) is a dense inmersion so is the baseleaf. It is clear from the identity (9) that the leaf space of the lamination Σ ∞ is the groupĜ/G.
From the definintion of the baseleaf, we have that the initial coarser topology on the Poincaré disk is given by the following basic open set:
where U is an open set of the Poincaré disk and G ′ is a finite index subgroup of G. If the open set U is contained in some fundamental domain of the action by G, then the corresponding basic set is a disjoint union. The disk with this coarser topology will be called the embedded disk and will be denoted by ∆ Emb
13
. 11 This metric verifies the stronger condition:
for every f, g and h in the groupĜ. This condition implies the usual triangle inequality.
12 In the paper [Od] , this is called a G-tagged solenoid. 13 In contrast with the baseleaf inmersion, ∆ Emb ֒→ Σ∞ is an embedding.
Definition 3.1. A continuous function f : ∆ → X where X is a topological space will be called limit-automorphic if the function f : ∆ Emb → X is continuous 14 .
Lemma 3.3. The following are equivalent:
There is a net of automorphic functions (f G ′ ) ranging over the finite index subgroups of G such that f G ′ is G ′ -automorphic and the net uniformly converges to f . (3) There is a unique continuous function f ∞ on the lamination Σ ∞ such that (πι)
Proof: The proof is verbatim to the one in Lemma 4.2.
Beltrami differentials and Teichmüller space
Consider the normalized Haar measure η on the groupĜ. By Caratheodory's measure extension Theorem, there is a finite Borel measure m on the embedded disk ∆ Emb such that:
where λ is the Borel measure induced by the hyperbolic metric of the Poincaré disk and the closure is respect to the profinite topology of the group G
15
. The measure m of the disk is the hyperbolic area of a fundamental domain of the action G hence is finite for G is cocompact.
The pushforward of the diagonal action invariant measure η×m on the laminated disk by the laminated uniformization π :=Ĝ × ∆ → Σ ∞ defines a finite measure m ∞ on the lamination Σ ∞ 16 . If we desintegrate this measure along the fibration over a trivializing open set, it becomes the product measure η × λ. Again, the measure m ∞ of the lamination is the hyperbolic area of a fundamental domain of the action by G hence is finite for G is cocompact.
Deformations and Teichmüller space.
A leaf preserving homeomorphism from the laminated Poincaré disk into itself will be called canonical quasiconformal if it is canonical quasiconformal leaf by leaf. For every differential µ ∈ L ∞ (∆) define the extensionμ such that:
14 This is the generalization of the usual definition: f : R → R is limit-periodic if for every ε > 0 there is a natural number N such that |f (x + 2πn) − f (x)| < ε if n ∈ N Z for every real number x. This is a particular case of the almost periodic property [Bo] where the relatively dense sets are restricted to be the subgroups N Z. There is a beautiful discussion of almost periodic functions in the context of constructive mathematics in [Br] . An interesting discussion relating limit-periodic functions, solenoids and adding machines can be found in [Be] 15 The measure λ is invariant under hyperbolic isometries hence the definition of the measure
The reader may be tempted to define m∞ as the pushforward of the G-invariant measure η × λ. But this measure would be trivial in the sense that it would take the values 0 and ∞ only. In particular it wouldn't be even σ-finite.
Lemma 4.1. Consider a function ζ :Ĝ → L ∞ (∆) 1 . The Ahlfors-Bers equation:
) if and only if ζ is continuous.
Proof: If f is quasiconformal then the map t → f t is continuous respect to the uniform convergence topology and because ζ(t) = ∂zf t /∂ z f t then ζ is so. Conversely, by the Ahlfors-Bers Theorem, for every t there is a unique canonical quasiconformal solution f t : ∆ → ∆ to the equation (10) such that the map t → f t is continuous respect to the uniform convergence topology.
The laminated Poincaré disk is an unramified covering of the disk with boundarŷ G×S 1 . The case of a ramified laminated Poincaré disk with non trivial monodromy in its boundary is a much more difficult task. In [BV] , we study the case of the laminated Poincaré disk with one point ramification with the rational adelic solenoid A Q /Q as its boundary.
The previous Lemma puts constraints on the Beltrami differentials for the existence of deformations:
By the previous Lemma, for every Beltrami differential µ on the lamination Σ ∞ there is a unique canonical quasiconformal solution f µ :Ĝ × ∆ →Ĝ × ∆ to the corresponding Ahlfors-Bers equation:
. Define the µ-deformed diagonal action as follows:
Define the µ-deformed lamination Σ ∞,µ as the quotient of the laminated Poincaré disk by the µ-deformed diagonal action. Topologically, the deformed lamination is isotopic to the original one but with a different complex structure in general. Because of the equivariant relation:
we have a well defined quasiconformal map [f µ ] on G-orbits:
Consider the set of pairs (Σ ∞,µ , [f µ ]) and define the following equivalence relation: We say that (
if there is a biholomorphism h such that the following diagram commutes up to homotopy:
Here a biholomorphism is a homeomorprhism that leafwise it is a biholomorphism. Note that as a consequence of the definition, the biholomorphism h must be leafwise preserving.
The space of equivalence classes T (Σ ∞ ) has the structure of a fine moduli space. This is called the Teichmüller space of the lamination Σ ∞ and the universal family is called the Teichmüller universal curve. The relation with the moduli M ∞ is the following
17
:
is the mapping class group of the lamination:
In [Od] it is proved that the mapping class group of the lamination is isomorphic to the group of virtual automorphisms of the fundamental group of the genus two surface Σ:
4.2. Limit-automorphic differentials.
Definition 4.2. Consider the representation of the group G in the space of L ∞ (∆) differentials isometries:
A differential whose orbit is continuous respect to the profinite topology of G will be called limit-automorphic 18 . The space of limitautomorphic differentials will be denoted by L ∞ (∆ Emb ).
In concrete, a differential µ is limit-automorphic if for every ε > 0 there is a finite index subgroup
. Then, the following are equivalent:
(1) µ is limit-automorphic.
(2) ϕ µ is continuous respect to the profinite topology of G. Moreover, its continuous extensionφ µ (t) verifies:
for every g in G and every t inĜ. (3) There is a net of automorphic differentials (µ G ′ ) ranging over the finite index subgroups of G such that µ G ′ ∈ L ∞ (G ′ ) and the net uniformly converges to µ.
Considering the moduli spaces as stacks, the mapping class group is the fundamental group of the moduli space M. 18 To get familiar with the definition, suppose the group G is the real line R acting in the space of functions f : R → R by translation: (g · f )(x) = f (x + g). Then, the functions whose orbits are continuous are precisely the uniform continuous ones.
Proof: (1) implies (2): The first assertion follows directly from the following identity:
where we have used the fact that ||γ * (µ)|| ∞ = ||µ|| ∞ for every Möbius transformation γ and differential µ.
For the second assertion we have:
for every pair of elements g and h in G. By continuity the result follows.
(2) implies (3): Consider the unique continuous extensionφ µ :Ĝ → L ∞ (∆) and define:
where G ′ is a finite index subgroup of G.
Because of identity (11), for every g ∈ G ′ we have:
The net uniformly converges to µ: By definition, for every ε > 0 there is a finite index subgroup S of G such that ||µ − α(g) * (µ)|| ∞ < ε for every g ∈ S. In particular, because of identity (11), we have ||µ −μ(g, )|| ∞ < ε for every g ∈ S and by continuity, we conclude that ||µ −φ µ (t)|| ∞ < ε for every t ∈ S. Then:
for every finite index subgroup G ′ of S and we have the result. (3) implies (1): It follows directly from the following identity:
for every g ∈ G ′ and every finite index subgroup G ′ of G. (2) implies (4): Define the differentialμ in L ∞ (Ĝ×∆, η ×m) such thatμ(t, z) := ϕ µ (t)(z). Relation (11) implies thatμ factors through the quotient: (2): Because of the diagonal action and the definition of µ ∞ , the continuous function π * (µ ∞ ) onĜ coincides with ϕ µ on the dense subset G and the result follows.
The net defined in (12) will be called the canonical automorphic net of the limit-automorphic differential µ and the differentialμ will be called the extended differential of µ. Proof: The proof is almost verbatim to Lemmas 5.1 and 5.2 of [IT] . As a corollary we have the following model for the Teichmüller space:
where µ ∼ ν if the continuous extensions of f µ∞ and f ν∞ to the boundaryĜ × S 1 coincide, with µ ∞ and ν ∞ as in item (4) of the previous Lemma. This equivalence relation is the pullback of the equivalence relation upon Beltrami differentials in L ∞ (∆) 1 whose classes define the universal Teichmüller space T (1). Because L ∞ (∆ Emb ) is a Banach subspace of L ∞ (∆), we have the closed embedding:
Renormalized Weil-Petersson metric
The Weil-Petersson metric cannot be defined on the universal Teichmüller space
19
. Naively, one could hope that it could be defined on the Teichmüller space of the hyperbolic lamination but the situation gets worst: The metric evaluated on two limit-automorphic differentials is divergent or zero. A second approach could be to evaluate the Weil-Petersson metric on the canonical automorphic net of the respective vectors and take the limit. But this doesn't work either for the limit is divergent if the metric on the limit-automorphic differentials is so and we get stuck in the same place as before.
In the same way that physicists deal with infinities, we need to renormalize the Weil-Petersson metric. In this section we define a metric on the Teichmüller space of the lamination Σ ∞ whose restricton to the Teichmüller space of the Riemann surface Σ is the usual Weil-Petersson metric. We define the renormalized WeilPetersson metric on the tangent space at the origin T 0 T (Σ ∞ ) by the formula
where [µ] and [ν] are limit-automorphic tangent vectors at the origin; i.e. µ, ν ∈ L ∞ (∆ Emb ), and the differentialsμ andν are the G-invariant continuous extensions toĜ × ∆ of the limit-automorphic differentials µ and ν respectively. Because of the G-invariance of the extended differentials and the G-equivariance of the trivial bundleĜ × ∆ → ∆, the definition (15) is independent of the chosen fundamental domain. Because the Haar measure is invariant under the G-action, this metric is G-invariant:
At the origin, it works only on tangent vectors whose corresponding vector fields on S 1 are C 3/2+ε . The corresponding vector field on S 1 of a differential µ is defined as follows:
We define it on representatives. Later we will see that this expression actually defines a metric on the tangent space of Teichmüller space; i.e. the space of infinitesimal Beltrami differentials equivalent to zero is the the space of Weil-Petersson null vectors.
for every element g in the group G. The pullback of the complex structure on the universal Teichmüller space gives a complex structure on the Teichmüller space of the lamination Σ ∞ and the renormalized Weil-Petersson metric (15) is a Kähler metric respect to this complex structure.
As it was expected from the identity (5.7) and the transversality result in [NV] , the Teichmüller space of the lamination Σ ∞ is transversal to the complex analytic and Kähler submanifold Dif f + (S 1 )/P SL(2, R). We reproduce their argument here adapted to our case.
Recall the Weil-Petersson metric g W P on the universal Teichmüller space:
Lemma 5.1. Consider limit-automorphic differentials µ and ν in L ∞ (∆ Emb ). Then:
In particular, g W P (µ, ν) is zero (diverges) if and only if (µ, ν) W P is zero (is not zero).
Proof: The metric g W P is Möbius invariant; i.e. For every Möbius transformation γ we have:
In particular, the metric is G-invariant and by Lemma 4.2 the map (t → g W P (φ µ (t),φ ν (t))) is the constant g W P (µ, ν). Then:
Because the Fuchsian group is infinite, we have the result.
Remark 5.1.
• As an immediate consequence of Lemma 5.1, the null space respect to the Weil-Petersson metric g W P coincides with the one respect to the renormalized Weil-Petersson metric. In particular, the set of differentials equivalent to zero equals the renormalized Weil-Petersson null space:
Recall that, because this metric is positive semidefinite in L ∞ (∆ Emb ), by Cauchy-Schwarz inequality the null space equals the set of null vectors.
• The renormalized Weil-Petersson metric is not induced by the universal Weil-Petersson metric; i.e. the topological embedding T (Σ ∞ ) ֒→ T (1) is not isometric.
Theorem 5.2. The Teichmüller space T (Σ ∞ ) is transversal to the complex analytic submanifold Dif f + (S 1 )/P SL(2, R) in the universal Teichmüller space T (1).
Proof: Consider limit-automorphic differentials µ and ν in L ∞ (∆ Emb ) such that (µ, ν) W P = 0. By Lemma 5.1, g W P (µ, ν) must diverge. In particular, if the corresponding vector field on S 1 of ν is C ∞ , then the one corresponding to µ cannot be C 3/2+ε hence cannot be C ∞ . We have proved the following: If µ is a limit-automorphic differential whose corresponding vector field on S 1 is C ∞ , then [µ] = 0 for ||µ|| W P = 0 and null vectors correspond to vectors equivalent to zero. The proof is complete.
As it is explained in [NV] , the previous result is an infinitesimal form of Mostow rigidity. Now, we explore the relation between the renormalized Weil-Petersson metric and the usual one. In what follows denote by
Proof: Choose representatives g i ∈ G of the coset space G ′ \G such that the following union is a domain in the disk ∆:
Notice that F ′ is a fundamental domain of the subgroup G ′ . By definition 15 and linearity, we have the following decomposition:
By the G-equivariance (11) of the extensions we have:
Because µ and ν are G ′ -invariant, by (11) and continuity we have that the extension (t →μ(t, z) ) is constant on G ′ and equals µ(z). A similar result holds for the extensionν. Then:
Because of the G-inavariance of the Haar measure, we have that
and the proof is complete.
As an immediate corollary, we have that the renormalized Weil-Petersson metric is an extension of the usual Weil-Petersson metric on G-invariant differentials:
Corollary 5.4. Consider G-invariant differentials µ and ν in L ∞ (G). Then:
Corollary 5.5. Consider limit-automorphic differentials µ and ν in L ∞ (∆ Emb ) such that g W P (µ, ν) = 0; i.e. g W P (µ, ν) = ∞ (Recall Lemma 5.1). Then, the limit of the following net diverges:
Proof: By Lemma 5.1, if g W P (µ, ν) = 0 then (µ, ν) W P = 0 and by definition it is finite. By continuity respect to the essential supremum norm and Lemma 5.3, we have:
By Lemma 5.3 and the continuity of the Weil-Petersson metric (15), we have the following characterization of the renormalized Weil-Petersson metric in terms of the usual one:
Proposition 5.6. Consider the limit-automorphic differentials µ and ν in L ∞ (∆ Emb ). Then:
The previous Proposition justifies the name of the metric. Actually, a physicist would think on this result as follows: The inverse limit of coverings is the renormalization group of the theory and the number of sheets of the covering is the renormalization factor of the respective energy level. Then, to get the measured observables on the respective energy level we have to quotient by the renormalization factor; i.e. by the index [G ′ , G]. The limit gives the observable at fundamental scale.
Proof: By Lemmas 5.1 and 5.3 we have the following commutative diagram:
with G ′ a finite index subrgroup of G.
In particular, the net of inclusions of Beltrami spaces:
induces the net of inclusions of Teichmüller spaces:
where T (Σ G ′ ) is the Teichmüller space of the Riemann surface Σ G ′ defined in (4). Because the canonical automorphic net of a limit-automorphic differential converges uniformly in L ∞ (∆ Emb ), the union of the finite Teichmüller spaces is dense in T (Σ ∞ ) and we have the result.
Because every Teichmüller space T (Σ G ′ ) is finite dimensional, in contrast with the usual universal Teichmüller space, the Teichmüller space of the lamination Σ ∞ is a separable space.
Theorem A
To motivate this section, consider the finite index subgroups G ′ and
Then, we have a finite n-covering Σ G ′′ → Σ G ′ where the Riemann surfaces are defined by (4). Because the covering is non ramified, their Euler characteristic verify: χ(Σ G ′′ ) = n χ(Σ G ′ ). In particular:
where g denotes the genus. Then, we have the following identities 21 :
See that, because the left hand side does not depend on the group G ′ , it behaves as a "free variable". Besides their dimension, Is there any relation between the spaces T (Σ G ′′ ) and C (G ′′ \G ′ , T (Σ G ′ ))? Moreover, taking the profinite limit on G ′′ , Is there any relation between the spaces T (Σ ∞ ) and C Ĝ′ , T (Σ G ′ ) ?
To alleviate notation, we will simply denote the surface Σ G ′ by Σ and the group G ′ by G. The complex and Kähler structure on the space C Ĝ , T (Σ) with the compact-open topology 22 are the those inherited as a function space from the target space T (Σ) with the usual Weil-Petersson metric. The complex and Kähler structure on the space T (Σ ∞ ) are those inherited from the complex analytic embedding (14) and the renormalized Weil-Petersson metric (15) defined in the previous section. The following Theorem shows that the relation we are looking for is the best one we could expect:
Theorem 6.1. There is a complex analytic Kähler isometric homeomorphism between C Ĝ , T (Σ) and T (Σ ∞ ):
Recall that the complex dimension of the Teichmüller space of a genus g ≥ 2 compact
Riemann surface is 3g − 3. 22 BecauseĜ is compact, this topology is the uniform convergence topology induced by the supremum metric respect to the Weil-Petersson distance.
Consider a fundamental domain F ⊂ ∆ of the G-action on the disk. Because of the G-equivariance of the trivial bundleĜ × ∆ → ∆, the setĜ × F ⊂Ĝ × ∆ is a fundamental domain of the G-action on the bundle.
= µ where µ is the unique differential with the following property: The functions ξ andφ µ coincide on the fundamental domainĜ × F :
We define the Weil-Petersson metric on the space C Ĝ , L ∞ (G) as follows:
where the metric on the right hand side is the usual Weil-Petersson metric on the space L ∞ (G) 23 .
Lemma 6.2. Respect to the Weil-Petersson and renormalized Weil-Petersson metrics respectively, the map f :
Proof: To see that f is an isomorphism, it is enough to construct an inverse. Consider a limit-automorphic differential µ in L ∞ (∆ Emb ) and define the function ξ µ :Ĝ → L ∞ (G) such that:
This function ξ is continuous forφ µ is continuous and the following relation:
The map (µ → ξ µ ) is the linear inverse we were looking for.
Consider arbitrary continuous functions ξ and ζ in C Ĝ , L ∞ (G) . Because of their G-invariance, for every t ∈Ĝ we have:
Recall that the Weil-Petersson metric (15) on L∞(∆ Emb ) extends the usual one on the space
L∞(G).
24 It is also an isometric isomorphism respect to the essential supreme norms: ||µ||∞ = ||f (µ)||∞.
and an analogous identity for ζ(t). Then,
The last step is because the G-action on the disk is free hence the integrand is proportional to a Kronecker delta:
Because the Haar measure is translation invariant, we can make the following variable change in the integral:
where we have used (17). Because of the renormalized Weil-Petersson G-invariance (16), we have
for every g in the group G. By continuity, the above map uniquely extends onĜ to the constant map (f (ξ), f (ζ)) W P and the result follows:
Proof of Theorem 6.1: Recall that the set of (limit-automorphic) differentials equivalent to zero equals the set of (renormalized) Weil-Petersson null vectors. Because of Lemmas 5.1 and 6.2, these null-vector sets are mapped one to one and the linear map f descends to a mapf on the respective Teichmüller spaces.
25 By the second item in Lemma 4.2 we have:
for every t inĜ and g in G.
In particular,φ f (ξ) (g) = α(g) * φ f (ξ) (e) for every g in G.
Now, we can think of the Teichmüller space T (Σ ∞ ) as the space of continuous functions over a non-archimedean space taking values on the finite dimensional Teichmüller space T (Σ). In physics terminology, these are finite dimensional Teichmüller space fields over a non-archimedean space. This is the point of view exploited in section 9.
We can also think of Theorem 6.1 as a canonical 26 assignment of Kähler coordinates on the Teichmüller space of the lamination.
Consider a finite index subgroup G ′ of the group G and its corresponding covering Σ G ′ defined in (4). The homeomorphismf maps the subspace of locally constant functions that are constant on the closure of the G ′ -cosets to the finite dimensional subspace T (Σ G ′ ) of T (Σ ∞ ); i.e. The following diagram commutes:
where n is the index of G ′ in G. Because every continuous function on a compact space is the uniform limit of locally constants functions, this gives another proof of Proposition (5.7).
Theorem B
Consider the symmetric group Sym G ′ \G of the coset set G ′ \G and its natural right action on C (G ′ \G, T (Σ)):
. Because the pushforward of the Haar measure on G ′ \G is just the normalized counting measure, by Lemma 5.3 the symmetric group acts by Weil-Petersson isometries on C (G ′ \G, T (Σ)). Consider the alternating subgroup Alt G ′ \G of the isometries that preserve orientation. Then:
By the Masur-Wolf Theorem 27 [MW] and Lemma 5.3, we have:
By the Masur-Wolf Theorem again, the group C (G ′ \G, M CG(Σ)) is a subgroup of the group of orientation preserving Weil-Petersson isometries on C (G ′ \G, T (Σ)):
By identities (19), (18) and (20) we have the following Mapping class subgroup:
26 Canonical up to the choice of a fundamental domain of the G action on the disk. 27 This is the analog of Royden's Theorem for the Weil-Petersson metric. It states that the mapping class group is isomorphic to the positively oriented Weil-Petersson isometries:
In particular, we have the following branched covering of the moduli space:
In a similar fashion as the symmetric product, we define the alternating product of a space X as follows:
We have proved the following:
Theorem 7.1. We have the following discrete fiber holomorphic Kähler isometric branched covering between moduli spaces factoring through the alternating product:
M n g ։ M n(g−1)+1 Remark 7.1. Some remarks on the previous result:
• The covering is holomorphic Kähler isometric in the orbifold sense; i.e. outside the orbifold points and branch regions.
• There is no explicit description, at least not an easy one that we were aware of, of the covering in terms of the isomorphism classes of Riemann surfaces. For example, the simplest case is:
Is there any explicit way of describing a genus three Riemann surface by two genus two surfaces? Do not think about nodal curves, we are not in the Deligne-Mumford boundary.
• This result is not in contradiction with the rigidity results in [AS] : Every holomorphic map M g,k → M g ′ ,p such that g ≥ 6 and g ′ ≤ 2g − 2 is either constant or a forgetful map. In particular, under the previous hypothesis p ≤ k.
Siegel functions and Kähler potential
The Siegel disk D(n) is defined as the space of n × n square complex symmetric matrices Z such that 1 − Z † Z > 0. This space is a complex bounded domain of dimension n(n + 1)/2 and it is identified with the homogeneous space Sp(2n)/U (n)
28
. In effect, consider the action of a Sp(2n) element g = a b bā on a Siegel matrix
This action is transitive and the isotropy group of the origin is the subgroup with b = 0 isomorphic to U (n). The Siegel disk D(n) is a Kähler space with Kähler potential:
The Teichmüller space T (Σ g ) can be seen as the moduli space of marked Riemann surfaces of genus g ≥ 2 with marking a set of generators of the fundamental group 28 The group Sp(2n) is the matrix subgroup of elements g = a b bā such that:
where a and b are n × n square complex matrices.
π 1 (Σ g ). The abelianization map sends a set of generators of the fundamental group π 1 (Σ g ) to a set of generators of the homology group H 1 (Σ g ) hence a projection:
from the Teichmüller space to the respective Torelli space. Consider the canonical symplectic basis of cycles {a i , b j } such that:
Consider the abelian differentials ω i ∈ Ω 1 (Σ g ) such that:
and define the period matrix Π as follows:
The period matrix Π is a symmetric n × n complex matrix with positive imaginary part. Define the period mapping
This is a holomorphic map and the pullback of the Kähler potential gives a Kähler potential on the Teichmüller space. There is no direct analog of this construction for the universal Teichmüller space T (1). However, there is a complex analytic embedding of T (1) into the Segal disk D Segal constructed as folows: Consider the map ϕ → V ϕ such that:
This map is introduced in [NS] where it is proved that V ϕ is a bounded automorphism of the Hilbert space H := H 1/2 (S 1 , C)/C if and only if ϕ is a quasisymmetric map of the circle
30
. The Hilbert space H has a symplectic structure given by the Hilbert transform and it decomposes in its −i and i eigenspaces W + and W − respectively: H = W + ⊕ W − . For every quasisymmetric map ϕ, the automorphism V ϕ preserves the symplectic structure on H and it is an isometry of the eigenspaces W ± if and only if ϕ is a Möbius map. Hence we have the universal period mapping:
Composing with the embedding T (Σ ∞ ) ֒→ T (1), we have an embedding of the Teichmüller space T (Σ ∞ ) in the Segal disk. This embedding is not satisfactory in the sense that the target space is too big with respect to the space T (Σ ∞ ); i.e. The space T (Σ ∞ ) is separable while the Segal disk is not. Looking forward to solve this problem, a first idea that comes to mind is to construct a direct limit of Siegel disks. However this strategy fails because there is no canonical way to embed the Siegel disk D(n) into D(n + 1) and the lack of functoriality gives no map in the direct limit. 29 The map ξ is a holomorphic two to one inmersion for g ≥ 3 and a holomorphic embedding for g = 1, 2.
30 This map is a direct generalization of the Segal representation described in [Se] . It is also discussed in [HR] and [Na] .
A solution to this problem is given by Lemma 6.2 for it gives the following holomorphic map:
The map (22) 
Heuristics on nonperturbative bosonic String Theory
This section is non mathematical. Almost every physical partition function in Quantum Field Theory is not mathematically defined. However, the partition is not a physical object, on the contrary, it constitutes the generating function of a formal machinery to calculate the physical quantities we are looking for: The correlation functions. In this sense, it is a very powerful tool for the calculation of perturbation series for the correlation functions. Unfortunately, in general these series doesn't converge and are not mathematically defined either. This is exactly the case with the Polyakov action of bosonic String Theory:
for genus g ≥ 2, where γ is the hyperbolic metric of the conformal class, det ′ is the zeta function regulated determinant
31
, dν is the Weil-Petersson measure on the moduli space. ∆ 2γ and ∆ 0γ are the Laplace-Beltrami operators on quadratic differentials and holomorphic functions respectively depending on the metric γ.
This action doesn't converge at the boundary of the Deligne-Mumford compactification [BK] , [Wo] . The perturbation series respect of correlation functions with the genus as the loop order, are generated with the following action:
The resulting perturbation series doesn't converge either [GP] . In [HR] , Hong and Rajeev proposed to replace the series of the g ≥ 2 action term by an action on the the Segal disk:
31 Essentially, the regulation consists of disregarding the zero eigenvalues in the determinant calculation.
where M is a fundamental domain in the Segal disk respect to the action by Sp 1 (Z). Hong and Rajeev were looking for some universal object containing all of the finite moduli spaces on which they could write down an action. Considering instead the Teichmüller space T (Σ ∞ ) of the universal hyperbolic lamination [Na2] , with the help of our Kähler coordinates 6.1, we can write a more explicit action.
Every hyperbolic metric on the lamination Σ ∞ , that is a hyperbolic metric on every leaf and continuous on the whole space, pullbacks by the baseleaf πι : ∆ → Σ ∞ to a limit-automorphic hyperbolic metric respect to the action α. Then, LaplaceBeltrami operators respect to these limit-automorphic metrics are well defined and also their regularized determinants. Now, by Theorem 6.1, at a formal level we can write down the Polyakov action on a fundamental domain M ∞ of the Teichmüller space T (Σ ∞ ) respect to the virtual automorphism group V aut(G), but now as a Feynman path integral:
where the function ϕ → γ(ϕ) gives a hyperbolic metric on the conformal class determined by ϕ and K is the Kähler potential on the finite Teichmüller space T (Σ 2 ). Now, the "paths" ϕ :Ĝ → T (Σ 2 ) are continuous functions respect to an ultrametric space valued on a three complex dimensional space. In the same way as the Polyakov integration form is determined by the global section of the trivial line bundle K ⊗ λ −13 in the genus g ≥ 2 case, we would expect that the same happens in the laminated case. The integrand in (23) is justified by the functoriality of the determinant line bundle respect to the direct system of inclusions of finite dimensional Teichmüller spaces [BNS] and the fact that Polyakov's form is genus independent. Actually, following this argument, it was conjectured in ( [BNS] , Section 5, pages 167-168) that the integrand should be the same as the Polyakov's one integrated over finite dimensional moduli's. However, it is important to remark that they work over the inductive limit of finite Teichmüller spaces and not over its closure (recall Proposition 5.7).
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